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At present only approximate methods are available for calculating double-layer interaction 
energy. All of these approximate methods use the Derjaguin approximation, which is valid 
for large 'plate-like' spheres. When the linearization approximation is used in addition to 
the Derjaguin approximation, further computational simplification results in an analytic 
expression for the double-layer interaction energy. This linearization approximation is valid 
for small surface potentials. This work estimates the upper-bound error in the double-layer 
interaction energy caused by the Derjaguin approximation and the linearization approxima­
tion. These error estimates are shown to be a function of the sphere radius and surface 
potential. 

The double-layer interaction energy of two unequal spheres is an important 
problem of colloid science because it is fundamenta l to coagulation and particle 
adhesion. 1

•
2 The double-layer interaction energy for two unequal spheres is approxi­

mated with the Derjaguin approximation3
·
4 or both the Derjaguin approximation 

and the linearization approximation.5 The Derjaguin approximation decomposes 
the interacting edges of the two spheres into a series of flat rings. For each pair of 
interacting flat rings, the parallel-plate solution to the Poisson-Boltzmann (PB) 
equation is used to calculate the double-layer interaction energy. The linearization 
approximation uses the linearized PB equation instead of the non-linear PB equation 
for calculation of the double-layer interaction energy. The Derjaguin approximation 
is valid for large 'plate-like' spheres where the dimensionless radius is greater than 
five. The linearization approximation is valid for small surface potentials where the 
dimensionless surface potential is less than one. This work estimates the upper­
bound error in the double-layer interaction energy caused by the Derjaguin approxi­
mation and the linearization approximation. Error estimates for both these approxi­
mations are plotted against the dimensionless radius and dimensionless surface 
potential. 

FORMULATION 

To estimate the error in the double-layer interaction energy for two unequal 
spheres caused by the Derjaguin approximation and the linearization approximation, 
it is useful to analyse the problem of a single sphere in a z- z electrolyte solution. 
The dimensionless potential, 'I', in the electrolyte solution surrounding the sphere 
is given by the PB equation: 

V 2'1' = sinh 'I'. ( 1) 
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In spherical coordinates the Laplacian operator is given by 

2 a1'1' 2 a'I! v 'l'=-+-­
aR2 R aR 

(2) 

where R is the dimensionless radius Kr and K is the Debye- Hiickel parameter. 
Constant-potential boundary conditions are used such that \JI = \JI 0 at the surface 
of the sphere, o r R = A The electrostatic energy, E, of the charge distributio n 
surrounding the single sphere is given explicitly by 

If kT -E =- O"o'l'o - dA 
2 A zq 

(3) 

where o-0 is the surface charge density defined by 

-E kTd'I! I 
O"o = --; zq dR R = A 

(4) 

where E is the permittivity of the medium, k is Boltzmann 's constant, T is the 
absolute temperature and q is the funda mental charge. In spherical coordinates 
the infinitesimal area , dA, is given by 

- Ri 
dA = 2 sin (} dO d</J. (5) 

K 

The expression for the electrosta tic energy, eqn (3), can be integrated to give 

- 27Tt:A
2 
(kT)

2 
a'I! I E = - 'l'o - . 

K zq aR R • A 
(6) 

As such, the electrostatic energy is the energy required to generate the potenti al 
distribution of the double layer. 

To use this methodology to calcula te the double-layer interaction energy for two 
unequal s pheres, we must solve the PB equation in bispherical coordinates and 
calculate the electrosta tic energy for both spheres.6 In this case the electrostatic 
energy for each sphere becomes a functio n o f the separation between spheres, S 
[i.e. E(S)]. The double- layer interaction energy, f'l E(S), for the two unequal spheres 
( I and 2) is g iven by6

-
8 

(7) 

This method of calcu la ting the double- layer interactio n energy has no t so far been 
possible because the so lution to the PB equation in bispherical coordinates is not 
avai lable, necessita ting approximations. The error in the double-layer interactio n 
energy incurred by these a pproximations results from errors in each of two terms, 
[E1 (oo) + E 2(00)] and [E, (S) + E2(S)]. Because these two terms are subtracted, errors 
in the second term are subtracted from errors in the first term. In the case of f'lE(oo) 
the errors in the two terms cancel. For other separations the errors in each of the 
two terms will not completely cancel. This work evaluates the error in the [E1(00)+ 
Ei(oo)] term caused by approximation. The error in this term is an upper-bound 
estimate o f the error in the double-layer interaction energy for two unequal spheres. 

Using the above formu lation for the Laplacian operator in spherical coordinates, 
eqn (2), the Derjaguin approximation assumes that the second term, (2/ R ) a'I! / aR, 
is negligible compared with the first term, a2'V / aR2

. This approximation is equivalent 
to the one-dimensio nal or flat-plate Laplacian and neglects the curvature of the 
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spherical surface. The linearization approximation assumes that the right-hand side 
of eqn ( I), sinh '11, can be linearized to 'I'. This approximation is valid for small 
values of 'I'. 

RESULTS 

The exact solution to the linearized PB equation in spherical coordinates gives 
the following slope to the potential distribution: 

aw - 'l'oA ( 1 ) 
aR=-R- exp(A-R) R+I . (8) 

The electrostatic energy for the sphere using this slope for the potential distribution 
is 

21Te (kT) 2 
2 

ELA=- - '1'0A( l +A). 
K zq 

(9) 

The exact solution to the one-dimensional linearized PB equation gives the 
following slope to the potential distribution: 

aw 
aR = - '1'0 exp (A - R ). (IO) 

The electrostatic energy of the sphere using this slope for the potential distribution 
is 

27Te (kT)2 
2 2 

EDA LA=- - 'lloA. 
• K zq 

(11 ) 

The exact solution to the one-dimensional non-linear PB equation gives the 
following slope to the potential distribution: 

aw 
- = (2 cosh 'II - 2.0) 112

• 
aR 

(12) 

The electrostatic en,ergy of the sphere using this slope for the potential distribution 
is 

-21Te (kT) 2 

EoA = - - - 'l'oA2(2 cosh '110 - 2.0) 112
• 

K zq 
( 13) 

The subscripts on the electrostatic energies in eqn (9), (1 1) and ( 13) correspond 
to the approximations used in the calculation ( i. e. DA Derjaguin approximation 
and LA linearizat ion approximation). 

A comparison of EoA.LA with ELA shows the error caused by the Derjaguin 
approximation for small surface potentials. The ratio of EDA.LA to E LA is plotted 
in fig. I against the radius. This plot shows that the Derjaguin approximation 
underestimates the energy for all radii . At large radii the Derjaguin approximation 
gives relatively accurate values of the energy. But as the radius decreases, the error 
caused by the Derjaguin approximation gets progressively larger. For example, at 
a radius of 5, the error is 17%, at a radius of I , the error is 50% and at a radius 
of O· 5, the error is 66%. 

A comparison of EoA.LA with EnA shows the error caused by the linearization 
approximation for large plate-like spheres. The ratio of EDA.LA to EoA is plotted 
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Fig. I. Error caused by the Oerjaguin approximation for small surface potentials. 
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Fig. 2. Error caused by the linearization approximation for large radius spheres. 

in fig. 2 against the surface potential. This plot shows that the linearization approxi­
mation also underestimates the energy for all potentials. At small values of potential, 
the linearization approximation gives accurate values of the energy, but as the 
potential increases the error increases. For example, at a potential of 2, the error 
is 14 % , at a potential of 4, the error is 44 % and at a potential of 8, the error is 85 % . 

To obtain the error in the energy caused by the Derjaguin approximation for 
large surface potentials as well as the error in the energy caused by the linearization 
approximation for small radii, we need the exact solution to the two-dimensional 
non-linear PB equation, which at present is unavailable. However, a numerical 
solution has been obtained by Loeb et al.9 Tabulated values of a'l' /a RIR -A were 
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Fig. 3. Error caused by the lineari zation approximation ; values of A are shown on the curves. 
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Fig. 4. Error caused by the Derjaguin ·a pproximation ; values of 'I' 0 are shown on the curves. 

used to evaluate the electrostatic energy, E NUM• for a sphere with any radius and 
any surface potential. 

Using this numerical solution, the error in the energy caused by the linearization 
approximation is shown in fig. 3, where the ratio of E LA to ENu M is plotted against 
'It 0 for various va lues of radius. For A-> oo, fig. 2 is reproduced. At smaller values 
of the radius the error in the energy is decreased for a ll potentials. 

The error in the energy caused by the Derjaguin approximation is shown in fig. 
4, where the ratio of E oA to E NuM is plotted against the radius for various values 
of potentia l. For 'It 0 --> 0, fig. 1 is reproduced. At larger values of potential, the error 
in the energy caused by the Derjaguin approximation decreases. At a radius of 2, 
the error at a potential of 1 is 31 % , while at a potential of 8 the error is only 4 % . 
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Table I. 90% accuracy conditions 

A 

linearization approximation 

00 

5 
I 
0.2 
0.1 

< 1.5 
< 1.75 
< 2.5 
< 5 
< 6.5 

Derjaguin a pproximation 

> 9 
> 4 
> 1.5 
> 0.5 

-+ 0 
4 
6 
8 

both Derjaguin and linearization 
approximations 

00 

20 
10 

< 5 

< 1.5 
< 1.3 
< 0.5 

not possible 
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Fig. S. Error caused by both the Derjaguin and linearization approximations; values of A 

are shown on the curves. 

The error in the energy caused by both the Derjaguin approximation and the 
linearization approximation is shown in fig. 5, where the ratio of EoA,LA to ENuM 
is plotted against the surface potential for various val ues of radius. For A-+ oo, fig. 
2 is reproduced. For smaller radii, the error in the energy increases for all values 
of potential. The amount of the error increase is dependent upon both the radius 
and the potential. 
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CONCLUSIONS 

The approximate methods discussed in this work underestimate the electrostatic 
energy for a single sphere. The values of radius and potential for which the various 
approximations give > 90% accuracy are shown in table I. Note that energy values 
calculated with both the Derjaguin and linearization approximations are < 90% 
accurate when the radius is < 5, no matter what potential is used. 

The utility of these calculations can be observed by considering the interaction 
of two unequal spheres at a separation of S = 1 in a 1 : 1 electrolyte solution with 
K = 109 m- •: for sphere I, A= 5 and '1'0 = 5; for sphere 2, A= 10 and '1'0 =3. The 
double-layer interaction energy is 21kT using the expression of Hogg et al.5 This 
expression uses both the Derjaguin approximation and the linearization approxima­
tion. An upper-bound estimate of the error caused by these two approximations 
can be obtained from fig. 5. The error resulting from £ 1(00) is 58%, while that 
resulting from £ 2(00) is 33% for a weighted average error of 43%. This 43% is an 
estimate of the largest possible error in the 21 kT calculated from ref. (5). 

One of the referees of ref. (6) is thanked for elucidating the problem addressed 
in this work. 

A 
A 
E 

NOMENCLATURE 

dimensionless sphere radius 
surface area 
electrostatic energy of a single sphere 

£ 1(S), £ 2(S) 
t..E(S) 

electrostatic energy of spheres 1 and 2 separated by a distance S 
double-layer interaction energy for two unequal spheres at a 
distance S 

k 
q 
r 
R 
s 
T 
z 
e 
8 
K 

Uo 

</> 

electrostatic energy calculated with the linearization approximation 
electrostatic energy calculated with the Derjaguin approximation 
electrostatic energy calculated with the numerical solution to the 
PB equation 
Boltzmann's constant 
fundamental charge 
radial coordinate 
dimensionless radial coordinate 
dimensionless separation 
absolute temperature 
valence of the electrolyte 
permittivity of the medium 
angular coordinate 
Debye-Hiickel parameter 
surface charge density 

'l'co> 
azimuthal coordinate 
dimensionless potential (surface) 
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