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Modelling the precipitation of copper oxalate aggregates 
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Introduction 

Abstract: The precipitation of copper oxalate has been studied in a batch reactor. Like 
many other systems, the morphology of these particles suggests that they were fom1ed 
by an aggregation mechanism. A mathematical model has been developed to predict 
particle-size distributions grown in a batch reactor, which accounts for growth by two 
competing mechanisms, i.e., atomistic growth and particle aggregation. TI1e results of 
this model are in good agreement with experimental observations for the precipitation 
of copper oxalate aggregates and other spherical aggregation systems cited in the 
literature. 

Keywords: ~opperoxalate; ~atch reactor; ~athematical model; ~tomistic growth; £article 
aggregation. 

There are many chemical methods used to precip­
itate monodispersed spherical particles, including 
forced hydrolysis [1 -3), controlled release of anions 
[4, SJ and cations (6). Growth of monosized particles 
has been qualitatively described by La Mer and 
Dinger [7], as shown in Fig. 1. Here the concentration 
of the precipitating species increases with time as a 
chemical reaction produces an insoluble product. As 

the precipitate concentration continues to increase, 
it rises above its saturation level to a critical concen­
tration level, at which time nucleation is induced in 
order to generate the needed surface area required 
to decrease the Gibbs free energy of the mixture. 
Nucleation takes place over a finite time yielding 
nuclei with a definite size distribution. The first nu­
clei produced have time to grow before the last nuclei 
are produced. Therefore, for shorter nucleation times 
the size dish·ibution of nuclei narrows. If a monosized 
particle is the desired result, the shortest nucleation 
time possible is required. After nucleation the parti­
cles grow by atomistic growth until the supersatura­
tion in solution decreases to zero (i.e., the equilibrium 
solute concentration), at which time the particles s top 
growing. The particles grown by atomistic growth 
mechanisms usually result in smooth, hard, crysta l­
line objects with a well-defined crystal habit. 
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Fig. I. Schematic representation of the nucleation anc.l growth of 
monodispcrscd particlrs generated by a chcmic,11 reaction 171 
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Nielsen [8) has analyzed different growth mecha­
nism for monosized particles, including diffusion­
limited, mononuclear-limited, and polynuclear­
limited growth. Applying these different mecha­
nisms, Nielsen developed chronomal analysis, which 
accounts for the increase in particle size as a function 
of time. Experimenta l results [9- 11 I have shown that 
Nielsen's chronomal analysis does indeed account 
for the cha nge in particle-size with time, but the 
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Fig. 2. Typical SEM photograph of a single oopper oxalate sphere 
showing the submicron growth units that make-up the aggregate 
particle. This sphere was prepared using reactant concentrations 
of 0.134 M Cu(N03)i/0.263 M H2C204. The final sample was 
removed after aging for three days 

diffusion coefficients obtained from this analysis are 
several orders of magnitude smaller than molecular 
diffusion or unit-cell diffusion in liquids. This result 
suggests that this analysis is in error. 

Overbeek [12] has reviewed various growth mod­
els and discussed the ramifications each growth 
mechanism has on the relative standard deviation of 
a particle-size distribution. He has found that for 
reaction-limited growth, the particle-size distribu­
tion broadens as the particles grow; with surface-nu­
cleation-limited growth the breadth of the particle­
size distribution remains constant as the particles 
grow and for diffusion-limited growth the particle­
size distribution narrows with time. 

This paper studies the precipitation of hydrous 
copper oxalate from solution as a test case. The mor­
phology of the copper oxalate produced suggests 
that the particles are formed by an aggregation 
process as illustrated by the scanning electron micro­
graph (SEM) in Fig. 2. This type of particle mor­
phology is often observed in the literature, dating 
back to the work of Tezak et al. [13-15] from the 1960s 
to the present [4, 6, 16, 17]. For this reason, a new 
mathematical model has been developed. It accounts 
for nucleation and particle growth by two competing 
mechanisms: atomistic growth and particle aggrega­
tion. Particle aggregation is considered by applying 
an adaptation of Smoluchowski's rapid flocculation 
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theory [18]. This new theory is applied to the experi­
mental results for generating copper oxalate aggre­
gates as well as other spherical aggregates extracted 
from the literahire. 

Experimental Methods 

Materials 

The reactrult solutions were prepared using de-mineralized 
water as the solvent for the two reactant preparations. The oxalic 
acid (H2C204) was obtained from Fluka Chemical (Buch, Switz­
erland) and the Cu(N03)i · 3H20 from Merck (Zurich, Switzer­
land). TI1e colloidal suspension produced from the precipitation 
was stabilized using reagent grade (99.9 %) absolute ethanol doped 
with 0.1 % (by weight) hydroxypropykellulose (HPC, MW 30 
000-50 000), as supplied by Nippon Soda Company, Tokyo, Japan. 
TI1ese raw materials were used as pmchased without ru1y hrrther 
modifications. 

Metlzods 

The precipitation of copper oxalate aggregates was accom­
plished at 20 °C by the following reaction: 

Two 250 ml solutions - one of 0.55 M Cu(N03}i and the other 
of 1.1 M H2C204 - were added to a baffled (500 ml) batch reactor. 
These two solutions were added to the reactor within 15 seconds. 
The mixing rate in this reactor during these experiments was held 
constant al 500 rpm, which was sufficient to maintain a mriform 
slurry. Samples were extracted from the midpoint of the reactor 
using a 5 ml pipette at various sample times throughout the ex­
periment. Samples were taken al 1, 5, 10, 30, 60, 120, and 180 
minutes after nucleation. The extracted sample was immediately 
added to a 50 ml ethru10l I (HPC) solution to stop further aggre­
gation. Reaction density (i.e., the precipitated CuC204 concentra­
tion) was also measmed throughout this study by extracting 50 
ml of reaction slurry with a 50 ml pipette and filtering the mixttrre 
using 0.2 Jim filter paper. Copper oxalate cake was dried for 8 
hours al 50 °C and then weighed. Slurry density was found to be 
44.805 ± 0.033 mg CuC204/ml of reaction mixttrre for all samples 
times, which gives a reaction yield of 100 %. Particle size distribu­
tions were measured on each time-dependent sample using a 
Horiba CAPA-700 Disc Centrifuge (Kyoto, Japan). Range of de­
tection for this particular study was set to be sensitive to particle 
sizes within the range of 0.1-3.0 µm. Density measurements were 
performed on the copper oxalate product using a Helium Pych­
nomeler (Micromeritics, Norcross, Georgia, USA). The density of 
the dried copper oxalate particles was found to be 3.5 ± 0.125 
g/ml. 

Experimental results 

Figure 3a-<l shows transmission electron micro­
graphs (TEM) of the copper oxalate particles pro­
duced at various times after nucleation. One minute 
after reactant introduction, a plethora of particles on 
the order of - 0.01 µm in diameter are prevalent. At 
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Fig. 3 (a-d). TEM photographs of copper oxalate product prepared using reactant concentrations of 0.55 M Cu{N03}i I 1.1 M H2C2Qt. 
Sequence shows the particles produced at different times, where: a) 1 min, b) 10 min, c) 60 min, d) 120 min after nucleation. Bar= 0.601m1 

the same time, a small fraction of the particles are 
present as aggregates 0.1 µmin diameter. As the time 
after nucleation increases, the number density of 0.01 
µ111 particles decreases and their size increases 
slightly. Size of the aggregate particles also increases 
as time increases until they reach their steady state 

size of o .27 µ111, three hours after mixing. At this time, 
the number density of - 0.01 µm particles has nearly 
disappeared. The aggregate structure, which results 
30 minutes after reactant introduction, is clearly 
shown in the higher magnification TEM in Fig. 4. 

Particle size distributions of aggregate particles 
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Fig. 4. Higher magnification TEM of a copper oxalate sphere show­
ing the very small growth units comprising a particle, correspond­
ing to conditions in Fig. 3d. Bar= 0.04 µm 

larger than 0.1 µm were measured by the Horiba disc 
centrifuge. The measured distributions are shown in 
Fig. 5 for several aging times. The main population 
of aggregates after 1 min is below the lower limit of 
detection of the instrument. After 5 min, the popu­
lation of 0.01-0.2 µm particles increases, indicating 
that additional aggregates were still growing into a 
size range where the particles could just be detected 
by the disc centrifuge. As time progressed further, 
the size of the aggregates increased and the width of 
the size distribution decreased, as shown in Fig. 5. A 
plot of the median size and the relative standard 
deviation of the aggregate size distribution as a func­
tion of time is given in Figs. 6 and 7, respectively. 
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Fig. 7. Relative standard deviation of copper oxalate spheres as a 
function of aging time 

Median size increased from 0.1 µm to 0.27 µm during 
the 3 h of this experiment. Relative standard devia­
tion decreased from 200 % to 40 % during the same 
time. 

Discussion 

Decrease in the relative standard deviation with 
aging time -as described by Overbeek [12] - suggests 
that the rate-determining step for particular growth 
is the diffusion of the growth units through a bound­
a1y layer surrounding the particles. In an attempt to 
further distinguish between the particle growth 
mechanisms, chronomal analysis [8] was also used. 
This anaylsis has been comprehensively described 
by Nielsen and may be applied to systems that consist 
of particles of uniform size and shape and have a 
constant number density of particles. Chronomal 
analysis is especially useful for systems that generate 
an insoluble species and where the concentration of 
molecular precipitate changes with time. 

Based on chronomal analysis, a linear plot of the 
diffusion chronomal Id [a function of the size of the 
particle r(t)] given by: 

1 [ (1 - Oft) ] Jn -I [ -.f3 ] 111 = -
2 

ln _;13 3 - '13 tan 113 (1 - Uri ) 1 + 20'4 

Time (min) with 
Fig. 6. Median size of copper oxalate spheres as a function of aging 
time Oft = [r(f )/ 1'~]3 , 
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Fig. 5. Number distribution for copper oxalate particles measured with disc centrifuge at various times 
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In order to quantify a kinetic expression for the 
rate-limiting step in particulate growth and justify 
the aggregate morphology of the precipitated parti­
cles, as shown in Fig. 2, a new model for the precipi­
tation of monosized particles has been developed. 
This model accounts for the nucleation, atomistic 
growth, and aggregation in the formation of particles. 

Table 1. Diffusion coefficients from chronomal analysis and calcu­
lated size of diffusing species from Stokes-Einstein's relationship 

System Diffusion coefficient Stokes-Eillstei.n 
(cm2/sec.) Size (µm) 

o Copper oxalate 
o 20 40 60 80 1 oo 120 140 160 1 80 200 Zirconia 10 

2.83 x 10-12 

3.91x10-10 

1.14 x 10-9 

759 
7.6 
1.5 

Fig. 8. ChronomaJ analysis applied to copper oxalate data for 
diffusion-controlled growth 

versus time exists if diffusion is the rate-limiting 
step of particle growth. The slope of this line, 
Kd (= ~/(3vD[C° - C .. )), is inversely proportional to 
the molecular diffusion coefficient, D. A plot of this 
linear relationship is shown in Fig. 8 for copper oxa­
late growth, and has a correlation coefficient (r) of 
0.972. Chronomal analysis was also performed for 
polynuclear growth with a degree of reaction ranging 
from 2 to 4. In each case, the plots were non-linear 
(i.e., ? < 0.9), suggesting that the rate-limiting step 
during particle growth was not by a polynuclear 
mechanism. The linear diffusion chronomal plot, 
along with the decrease in the relative standard de­
viation, suggests that diffusion in solution is the rate­
limiting step during copper oxalate particle growth. 
Diffusion coefficients obtained from chronomal 
analysis for the copper oxalate study as well as for 
other typical monodispersed systems, namely that 
of Jean and Ring [9] and Ogihara et al. [10), are listed 
in Table 1. These diffusion coefficients are several 
orders of magnitude smaller than molecular diffu­
sion in liquids (i.e., - w·-s Is). Also listed in Table 1 
are the diameters of the diffusing species as calcu­
lated from the diffusion coefficents using the Stokes­
Einstein equation [19). These calculated diameters 
are larger than the measured particle sizes by factors 
ranging from 5-2 500, suggesting that either molecu­
lar diffusion is not the rate-limiting step or this analy­
sis is in error. 

1itania9 

Model development 

Macroscopic pop11l11tio11 b11l1111ce 

Particulate growth, and consequently particle size 
distributions, can be modelled by applying a macro­
scopic population balance, as described by Randolph 
and Larson [20]. The functional form of this popula­
tion balance for a well-mixed, constant volume batch 
reaction can be written as follows: 

a ,,~7,f) + Gal}J~,f) = B(L,t) - D(L,t). (1) 

(See the nomenclature section at the end of this paper 
for the definitions of the symbols used.) The first 
term in this partial differential equation describes the 
population's time rate of change, T}; the second term 
describes the atomistic growth of the particles (which 
assumes that G is independent of particle size L); and 
finally the last two terms account for the birth and 
death of particles of size L and aggregation mecha­
nism. The birth function describes the rate at which 
particles enter a particle size range L to L+L1L, and 
the death function describes the rate at which the 
particles leave this control volume. Randolph and 
Larson do not include the birth and death terms in 
their analysis, consequently ignoring particulate 
growth by aggregation mechanisms and only con­
centrating on atomistic growth. This population 
balance also assumes a negligible volume accumu­
lation due to particle breakage. 

Considering the La Mer concept [7] for the pre­
cipitation of particles shown in Fig. 1, an initial con-
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dition for the population balance corresponding to 
an initial burst of nuclei can be given by 

1J(L,f = 0) = 171 (Lo, t = 0), (2) 

where the population of nuclei 171 either decreases 
with time due to aggregation and atomistic growth 
of the nuclei out of size Lo, or increases with time 
due to further nucleation. Atomistic growth is ac­
counted forin the second term ofEq. (1). In this work, 
we will only consider a single burst of nuclei 
generated at time zero (r,0(Lo, t = O) = 17° =constant). 
Aggregation of these nuclei gives the following time 
dependence with respect to the nuclei population, as 
described by Smoluchowski [18] and Ives [21] 

0 
l<Lo t) - rz 

,, I - (1 + tlt11d I 
(3) 

where f112 = (1/K77°Lo) is the aggregation half life. 
The reader should be reminded that the nuclei - as 
with all other particle sizes in the distribution - can 
grow into and out of a size range by atomistic growth 
and/ or particle aggregation. Thus, the population 
balance, as described in Eq. (1), is useful in that it 
predicts the number distribution of particles grown 
under kinetically competing conditions: that of 
atomistic growth and particle aggregation. For a so­
lution to the population balance to be possible, math­
ematical relationships must be developed for the 
birth and death functions accounting for particle 
aggregation. 

Rapid flocc11lntio11 theory 

The birth and death functions predict the impor­
tance of particulate aggregation on the final particle­
size distribution. The key concepts for the develop­
ment of these two functions come from Smolu­
chow~ki's rapid flocculation theory [18], which 
predicts the rate of change in a population density 
of an aggregate of k particles: 

i =k - 1 
()Nk =1__ L 
dt 2 . 

1=! 

j=k - 1 

L 41lRij Dij N; Nj 
j= k - i 

- Nk L, 4nR;k D;k N;. 
i=l 

(4) 
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The two summation tenns on the right-hand side of 
this equation are analogous to the birth and death 
functions, respectively. Changing the form of this 
equation to fit the form of the population balance 
equation - while at the same time making the appro­
priate substitutions for the terms R;i and Dij - the 
birth and death functions can be written as follows: 

1 dNk 
B(L,t) - D(L,t) = Yk Tt 

j = k - 1 2 L (r;+r;) N;N· 
r;ri 1 

j =k-i 

(5) 

The birth and death functions are now on a per par­
ticle size basis, the same as used in Eq. (1). Some key 
substitutions become necessary to further simplify 
these functions: 

~ 

Nr = J 17(x)dx 
0 

N; = x17(x) 
Ni= (L - x)17(L - x) 
Nk= L17(L) 

i=k - 1 j= k -1 

L L,N;Nj 
i = l j = k-i 

L 

= t J 17(x)17(L - x)dx 
0 

r;= X 
Yj = (L-x) 
rk=L 

~ 

L, N; = i [ 17(x)dx. 
i= 1 ° 

(6) 

Substitution of these relationships into Eq. (5) yields 

L 

B(L) = K f ·17(x)17(L - x) dx 
0 

~ 

D(L) = 2K17(L) \ f (x + L)217(x)dx 
L o 

= 2K77(L)Nr [ (~) + 
2f + 1], 

(7) 

(8) 
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where the aggregation-rate constant is 

K= kbT 
3µW 

(9) 

and Wis the average colloid stability factor for the 
system. A colloid stability factor of one corresponds 
to the case where the particles stick together every 
time they collide (i.e., a very unstable system). This 
case corresponds to a sticking probability of one and 
is proportional to the particles' rate of birth and 
death. The i~ moment is described as 

.. 
J :1h7(x)dx 

- . 0 
(x') = -.. - - -

J 7J(x)dx 
0 

.. 
ft17(x)dx 
0 

Nr 
(10) 

Applying the new birth and death functions given 
in Eq. (7) and (8), respectively, the governing differ­
ential equation for the population of particles r7(L,t) 
becomes 

L 
anrL n ()ntL t' f T +GT= K 17(x)17(L - x)dx 

0 

{16 2x J -2K7](L)N L2 +L+l . (11) 

An analytical solution to this integro-differential 
equation is impossible without simplifying assump­
tions. The birth function can be simplified by assum­
ing that aggregation takes place by the collision of 
nuclei with the larger aggregates and not by the 
collision of particles of similar sizes, either nuclei­
nuclei or aggregate-aggregate. By limiting the type 
of growth mechanism by which a particle can be 
born, the convolution integral describing the birth 
function can be solved as 

B(L) = K771 L7J(L). (12) 

Certainly, this assumption is not valid for all times. 
However, for much of the time after the initial burst 
of nucleation, this is probably the case for the fol­
lowing two reasons: first, because there is a high 
number density of nuclei compared to the aggregates, 
the probability of a collision between a large aggre-
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gate particle and a nuclei is higher than the collision 
between two larger aggregates. Second, the colloid 
stability factor Wis different for each type of collision. 
The sticking probability (a 1/W) for a collision 
between two nuclei or two aggregates is low while 
the sticking probability for the collision between a 
nuclei and an aggregate is much higher - approach­
ing 1.0. 

With this simplifying assumption in mind [i.e., Eq. 
(12)), the new population balance becomes 

~ G~=K 1L (L) at + aL 77 11 

{16 2x J -2K17(L)N ~2 + L+1. (13) 

This partial differential equation can be approxi­
mated by an ordinary one by creating a new charac­
teristic variable, i.e., -r = L/G - t. Applying the initial 
condition for this problem, the characteristic can be 
shown to be a constant, i.e., -r = Loi G. Making this 
variable transfonnation, the new characteristic popu­
lation balance becomes 

[f£2. 2:r J -2K17(L)Nr L2 +L+l . (14) 

By applying this transformation under conditions of 
constant -r, the dimensionless solution to the charac­
teristic population balance for a batch reactor can be 
found to be 

9ffe1~ EXP {- JJ[(41. - 1 )- ~ (C'1.J- t 

+~(1 -(41L))+2~ ln (Yto)}}' (15) 

where 

/3 = KNrLo 
G 

(16) 

The dimensionless group /3 corresponds to the ratio 
of the aggregation rate to the rate of atomistic growth. 
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Fig. 9. Theoretica l prediction of particle size distributions in a batch reactor for a) ¢ = O.Ql and p = O.Ql, b) ¢ = 0.01 and p = 0.001, 
c) ¢ = 0.1 and P = 0.01, and d) ¢ = 0.1 and p = 0.001. The values of the constants used for these calculations are K = 1.37 x 10-15 I/sec, 
Lo= 0.1µm,x =3.76 Jim,/-= 22.7 µm, T = 363 K, JI = 0.31 cp, Nr = 5.6 x 1011 No./l , and 171 = 8 x 10 11 No./1 µm 

Large values of f3 suggest that aggregation is fast 
compared to atomistic growth, while small values of 
f3 suggest that a tomistic growth dominates. The di­
mensionless number </J corresponds to the fraction 
of the toal number of particles that are nuclei. Both 
/3 and </J are negative functions of time; that is to say, 
as the time increases both of these dimensionless 
groups decrease. 

Recall that this solution to the population balance 
is only valid under conditions of constant -r, which 
means that for every particle of size L there is a 
corresponding time needed for its formation. 

A pl1ysical conslrai11t 011 tlte pop11latio11 balance 

A physical constraint must be placed upon the 
population balance to ensure that the conservation 
of mass is upheld. Mathematically, this means that 
the following population balance relationship must 
hold: 

Lmax 

Nr(t) = J 71(x,t)dx. (17) 

Lo 
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The maximum particle size present, LmaXI is the con­
straint in this population balance. This means that 
for fixed values of B, <P, and time, the final distribution 
- including the maximum particle size - can be pre­
dicted. 

The qualitative effect of f3 and <P on the particle 
size distribution is shown in Fig. 9. When f3 and <P 
are equal to 0.01 (Fig. 9a), we find a bimodal size 
distribution consisting of a small population of nuclei 
and a narrow size distribution of aggregates with 
nothing in between the two modes. This plot is char­
acteristic of the final stages of aggregation. When <P 
is increased to 0.1 and f3 remains the same (Fig. 9b), 
we find a larger population of nuclei. The aggregate 
size is smaller and the relative standard deviation of 
the aggregates is larger than in Fig. 9a. Figure 9b is 
also characteristic of the final stages of aggregation, 
but earlier in time than the example in Fig. 9a. When 
/3 is 0.001 and <P is 0.01 (Fig. 9c), we find a 
broad and continuous distribution of particle sizes 
between the nuclei and the maximum sized aggre­
gates. Increasing the value of <P to 0.1 (Fig. 9d), we 
find that the maximum size is decreased drastically 
and the shape of the size distribution is changed by 
putting more emphasis on the population of nuclei 
than on the aggregate population, which is typical 
of an earlier snapshot in time - corresponding to an 
increase in <P. 

Comparison of model with experiment 

This new model predicts that a bimodal particle 
size distribution can be formed during nucleation, 
growth and aggregation under certain conditions. 
One of the modes will be made up of nuclei - of a 
size predicted by homogeneous nucleation theory -
and the other mode will be made up of aggregates. 
This bimodal size distribution is clearly evident in 
the TEM pictures (for our example copper oxalate), 
shown in Fig. 3. Employing image analysis for count­
ing and sizing the particles shown in Fig. 3 is difficult 
to do accurately because the two main sizes of par­
ticles are different by a factor of 100 to 1 000. For this 
reason, quantitative validation of the theoretical par­
ticle size distribution with the experimental size dis­
tribution cannot be made at this time. However, a 
quantitative comparison of the growth kinetics of the 
aggregates can be made between experiment and 
theory. 

From the characteristic time -r (and its value due 
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to the initial condition), the increase in nuclei size 
with time is defined as 

(18) 

for a constant atomistic growth rate G. Equation (18) 
can be written in its differential form as 

dL/dt=G. (19) 

Because of our limitations in the particle-size analysis 
for the nuclei, we must transform this rate expression 
into one we can measure. This transformation can 
be made by noting that the initial aggregate of size 
Ao is composed of m nucleii of size L0, givig a con­
servation equation 

All= mL8 I (20) 

where 11 is the fractal dimension [22] of the aggregate. 
Therefore, for a fractal dimension of 1 (i.e., 11 = 1) a 
linear aggregate results, and for 11 = 3 a spherical 
aggregate results. By multiplying Eq. 19 by the di­
mensionless group f3 [as defined in Eq. (16)] and 
making the definition that the aggregate growth rate 
d)./dt =KNTA.0, we can now state a new rate expression 
for the aggregate growth rate d)./dt as 

(21) 

where NT is the total number of particles per unit 
volume, which is also a function of time given by 
[20] 

NT= No 
(1 + tlti12) . 

(22) 

Integrating Eq. (20) with the appropriate substitution 
yields 

A.-..1o = Ao1n (1 + tlt112) =11WILoln (1 + tlt112). (23) 

This simple expression describes the change in the 
aggregate size A. as a function of time. The experi­
mental data shown in Fig. 6 are replotted in the form 
of the above expression as illustrated in Fig. 10. A 
linear regression of the copper oxalate data shows a 
correlation coefficient (r2) of 0.995 when the half life 
f112 was 43 min. The value of t1;2 used gave the 
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Recall that this statistical analysis will only tell us if 
the reaction is purely aggregation controlled. There­
fore, for systems that change growth mechanisms, 
the null hypothesis will be rejected within some level 
of confidence. This analysis has been completed for 
the systems of interest in this paper. Table 2 compiles 
these results showing whether the null hypothesis 
has been accepted or rejected for each particular sys­
tem based upon a 95 % confidence level. Therefore, 
the only true diffusion controlled growth mechanism 
of the three studied, is the copper oxalate system. 

Table 2. Results from characteristic analysis 

0.0 0.5 1.0 1.5 2.0 2.5 3.o System Ao (slope) Ao (intercept) 1112 

Fig. 10. C haracteristic analysis from the new spherical aggregation 
model. Where the copper oxalate is prepared as described above, 
and the ZJ0210 and the TIO/ are prepared using alkoxide routes 

maximum correlation coefficient (r) in the linear re­
gression . A minimization of the sum-of-squares tech­
nique is needed to perform this iteration. Performing 
a non-linear regression on the data with the proposed 
model using a three-parameter fit [i.e., Ao (slope), Ao 
(intercept) and tin] also can be accomplished with 
the same results. If f1; 2 is known from colloid s tability 
information, then a simple linear regression may be 
preformed. Other data from Jean and Ring [9] and 
Ogihara et al. [10] are also plotted in Fig. 10, showing 
similar linearity and similar correlation coefficients. 
The resulting coefficients obtained from the slopes 
and intercepts and "optimum" aggregation half life 
ti;2, obtained from Fig. 10 are given in Table 2. The 
value of Ao (intercept) is reasonable compared to the 
initial aggregate size observed in the TEM photos 
shown in Fig. 3a. 

Equation (23) proposes that aggregation controlled 
growth is the rate limiting step; therefore, if the model 
fits the data and the constraints of its development 
are met, then one can conclude that the rate-limiting 
step in a particular reaction is aggregation controlled 
growth. This constraint can be proved or disproved 
by setting up the null hypothesis Ho where 

Ho: Ao (slope)= Ao (intercept) 

Ha: Ao (slope) i:- Ao (intercept) 

Copper oxylate 
Zirconia10 

1itania9 

(.um) 

0.l()C) 
1.334 
0.146 

(µm) (min) 

O.OCJ7 43 
0.692 291 
0.109 12 

• The null hypothesis states that the reaction is diffusion controlled 
at a 9 5% confidence level 

Constraints placed on this model niake it much 
harder to accept the d iffusion-limited case than the 
previously studied chronomal analysis. Unlike the 
chronomal analysis, this theory will only describe 
the particle growth by one mechanism. This means 
that for examples like Titania and Zirconia, it is not 
so surprising that we carmot confidently say that the 
growth of these particles is solely by an aggregation­
limited process. It is a common belief that particle 
growth may not follow just one mechanism 
throughout the whole process. It is quite possible to 
think that Titania may grow under polynuclear con­
ditions in the early stages of growth and switch to 
aggregation-limited conditions at some later point. 
However, under these conditions the model for 
aggregation-limited growth will not be able to predict 
the size of particles over the entire precipitation 
process (i.e., rejection of the null hypothesis). The 
difference between the three reactions studied is the 
varying levels of supersaturation for each reaction 
mixture. The highest being the copper oxalate system 
and the lowest level of supersaturation being the 
Zirconia system. With the highest supersaturation, 
nucleation dominates atomistic growth, and this 
aggregation model is expected to fit the data rea­
sonably well. But at low supersaturations, nucleation 
and growth are similar, and this simple theory 
(Eq. 23) is not likely to fit the data as well. 
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Conclusions 

Like many examples in the literature, the precipi­
tation of spherical copper oxalate particles gives an 
aggregate particle morphology. The growth rate of 
copper oxalate aggregates was studied using TEM 
and particle size analysis using a disc centrifuge. 
These results fit the Nielsen chrorn;>mal analysis, but 
give a diffusion coefficient that is several orders of 
magnitude smaller than for molecular diffusion 
coefficients. As a result of these low diffusion coeffi­
cients and the non-crystalline aggregate structme of 
the precipitated particles, a mathematical model has 
been developed to help predict particle-size distribu­
tions in a batch reactor. This model accounts for nu­
cleation, atomistic growth, and aggregation. An an­
alytical solution to this model was found by applying 
the following simplifying assumptions: 

1. The most frequent collisions for growing aggre­
gates are those of the largest particles with the small­
est particles. 

2. The rate of atomistic growth is independent of 
particle size. 

3. Particle breakage is negligible. 
This model predicts that the aggregates increase in 
size with a natural logarithm dependence on time. 
For the copper oxalate and several other systems, 
this behavior is observed. This model also predicts 
a bimodal size distribution, one mode of nuclei which 
grow atomistically, and the other mode of aggregates 
which grow by aggregation. These bimodal particle­
size distributions are observed in the TEM pictures 
taken of the precipitating particles, and has been seen 
for many years in various precipitation processes. 
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No111e11cln I 11 re 

B(L) 
D(L) 

Dij 
G 
Ha 
Ho 
/4 

Birth function on a per particle basis NoJL3.L.e. 
Death function on a per particle basis NoJL3.L.e. 
Effective diffusivity of pi and J.l.h particles L2 I e 
Growth rate L/ e. 
Alternative null hypothesis 
Null hypothesis. 
Dilfusion Chronomal (Dimensionless Time), dimen­
sionless. 
Boltzmann constant 1.38 x 10-23 M.L.2 I d.K. 
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K Aggregation·rate constant L3/0.No. 
L Spherical particle size (radius) L. 
Lo Nuclei particle size L. 
111 Number of nuclei of size Lo that make up -lo No. 
11 Fractal dimension, dimensionless. 
N; Total number of particles of type i per unit volume 

NoJL3. 
Nr Total number of pa.rticles present per unit volume 

NoJL3. 
r; Particle size (radius) of ,~h particle L. 
r;i Collision radius of aggregate(= r1 + rj) L. 
I lime e. 
1112 1/(K No) half life for aggregation e. 
T Absolute temperature T. 
x An integration variable for the rai1ge of particle sizes 

L. 
.r._ Number, length mean diameter L. 
(.1) Number, surface mean diameter L2

. 

W Colloid stability factor, dimensionless. 

Greek letters 

p 

T/(l ,I) 

11; 

-lo 
JI 
<P 

Subsaipts 

j 
k 

Ratio, aggregation rate to growth rate, dimension­
less. 
Constant nuclei population at time zero and size lo 
NoJL3.L. 
Nuclei population as a function of time and size lo 
NoJL3.L. 
Number population densit~ NoJL2.L. 
Population density at the i particle size NoJL3.L. 
Size of aggregate growth wut (radius) L. 
Viscosity MIL.e. 
Ratio of nuclei density to total particle density, di­
mensionless. 
Characteristic time e. 

Colliding ;th particle of size L. 
Colliding r particle of size L. 
New Aggn:gated particle k, formed from collision of 
the lh and L thparticles. 

Note: Fundamental dimensions are defined as fol­
lows: 

No. = Number of Particles. 
M =Mass. 
L =Length. 
e =Tune. 
T = Temperature. 
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