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During forced hydrolysis an acidified metal salt solution with its solution complexes is 
placed in a sealed test tube and heated at a specific rate to a high temperature <100°C. By 
heating the solution equilibria are altered, the hydroxide concentration is increased, and 
often a metal hydroxide is precipitated from solution as a narrow particle size distribution. 
This paper presents a theory that links solution complexation equilibria with a population 
balance model for precipitation predict.ing the particle size distribution. This model uses 
classical nucleation theory and growth rates by various rate limiting steps for the growth of 
the crystals. This theory is compared to forced hydrolysis experiments where dilute indium 
nitrate solutions, acidified with nitric acid, were placed in a water bath at 80°C for various 
periods of time. The experiments produced submicron cubic particles of Indium 
hydroxide. The experiments were monitored for temperature, pH, turbidity, and particle 
size di stribution, all as a function of time for comparison with th is model. Comparison of 
thi s experimental data with model calculation with the available solution complexation 
111odels for an acidified indium nitrate solution and various crystal growth models has been 
performed. 

Introduction 

r:orced hydro lysis is a common way to produce metal hydroxides from an acidified metal 

~;tit solution. To induce precipitation, this solution, initially below its solubility limit and 

't.1blc with respect to precipitation, is heated to an elevated temperature in either a forced 

c11n\-cc tion oven or a water bath. Upon heating the solution, the concentration of OH- ion 

111crc:1scs farcing the precipitation of a metal hydroxide. These metal hydroxides can be 

preci pi lated under controlled conditions as monodisperse col loids and as such are of 

interest for many applications including ceramic powders and pigments. Professor 

~ LitijcYic 1 over his career has been able to produce monodisperse hydroxides of nearly all 

tile metals in the periodic table . Over the years his work has been expanded by many 

re~carchcrs around the world. 

In thi s work. we develop a model of forced hydrolysis which predicts both the particle size 

d1~tribu tion of the precipitate and the concentration of all ions in solution as the precipitation 

Likes place. This is done by performing a mass balance on the species in solution that 

precipitate and using these concentrations to predict the concentration of the other ions in 

'11 lution assuming that the solution is in pseudo-equilibrium with respect to all other 

~rccics. The results of this model are compared to the experimental system2,3,4 where a 
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dilute In(N03)) solution acidified with HN03 is heated from room temperature to 80°C in a 

\vatcr bath causing the precipitation of cubic submicron ln(OH))(s). This experimental 

system was chosen because it is simple due to 1) a reduced suite of ionic complexes and 2) 

the precipitation of a crystal with a known geometry. 

Experimental Methods 

Experiments similar to those performed by Hamada, et. al.5 giving submicron cubic 

crystalline In(OH)) particles were perf?rmed using a solution 3.96x l0-4 M ln(N03)) and 

4.04x 1 o-4 M HN03 , pHinitial =3.32. A test tube with 50 ml of this solution was prepared 

and filtered through a 0.2 µm membrane filter and let stand for 24 hrs. at room temperature 

(22.0±0.S°C). Test tubes filled with this solution were then placed in a water bath (filled 

with a ethylene glycol solution to slow evaporation) at 80.0±0.1°C for various times. Test 

tubes were removed periodically, rapidly quenched to room temperature and measured as to 

their pH, light absorbance at A=390nm and were then centrifuged at 700 G and washed 

repeatedly with distilled water using ultrasonic agitation6 to resuspend the particle between 

centrifugation. The particle size distribution was measured taking samples on an Al stub 

for observation with a Cambridge Steroscan 240 Scanning Electron Microscope. The 

rarticle size distribution was measured. by counting particles of different size on the SEM 

pictures. The arithmetic mean size and standard deviation were determined from the 

particle size distribution. A composite of all experimental data is presented in Figure 1. 

The measured pH (temperature compensated) decreases approximately 0.30±0.15 pH units 

after the temperature of the solution was raised. It is not known if the pH change is real. 

The change in pH for a 4.04x 1 o-4M HN03 solution heated in the same way was less than 

0.05 rH units. The solution absorbance is near zero for nearly one hour then increases 

dra.stically initially and reaches a maximum at 90 min. As a result, we can presume that the 

particles are nucleated rather quickly (note, R* is :::::50A for these values of Sand T) and 

t:1h:e time to grow to the a size that is sufficiently large to scatter light. The maximum value 

of absorbance is due to settling which decreases the particle number density as time 

progresses. The particle size increases with a decreasing rate and the standard deviation of 

the particle size distribution increases with growth time. This suggests? that n >0 in the 

powth function~~ a R11 of Table 4 given later in this paper. Please note that using 

chronomal analysis8 of the average particle size as a function of time data, the Hamada 

group found that the growth was limited by a poly surface nucleation mechanism or n = 0 
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in the growth function~~ a Rn of Table 4. These experimental results for the particle size 

distributions may also be biased due to the sample preparation process in which 

centrifugation is used. Very small particles, <0. lµm in diameter, will not be present in the 

S EM pictures since they would have been discarded in the supernatant after the 

centrifugation steps. 

Model Development 

Mass balances are performed for the indium metal ions, M+m, and OH- ions. They are 

gi ven by the generalized differential equations given below: 

d[~~-] = {release of OH- from dissociation of H20} 

-{Loss of OH- due to complexation with metal} 

-{Loss of OH- due to nucleation} 

-{Loss of OH- due to crystal growth} ( 1) 

d[~;m] =-{Loss of M+m due to complexation with various anions in solution} 

-{Loss of M+m due to nucleation} 

-{Loss of M+m due to crystal growth} (2) 

where[] symbolizes concentration. The initial conditions for these differential equations 

arc: 

[OH-]= C2, at t = 0, [M+m] = C3 at t = 0 and [H+] = C 1 at all time. 

All Ci values are constants. Since we are in dilute solution we will assume that activity and 

concentration are equivalent i.e . activity coefficients are 1.0. This is not totally accurate, 

however, to add activity coefficients, which are a functi on of the ion ic strength , and their 

calculation to these two non-linear simultaneous differential equations would render them 

111 uch more difficult to evaluate. Each of the terms of the above differential equations is 

discussed below after a discussion_ of the reactions that take place as an acidified metal salt 

solution is heated. To resolve these two coupled differential equat ions, a finite difference 
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technique was used. This finite difference technique was found to be stable if time steps 

less than 1 sec. were used. 

Reactions in Solution 

Metal complexation 
Solution speciation reactions with anions A[= N03] : 

KAij 

iM+m+jA-a .... .... MiA/(im-ja) (3) 

f-'or this work, we will use the N03 complexes consisting of i:j of I: I and I :29 given in 

Table I. Solution speciation reactions with OH- ionslO also occur in solution: 

KoHij 

iM+m+jOH- .... .... Mi(OH)/Cim-j) 

[Mj(OH)·]+Cim-j) 
KoHij = [M+m]i[oH-p 

(4) 

For this work, we will use Biedermann's 11, 12 as well as Brown and Ellisl3 models of 

solution speciation of indium hydroxide complexes. Biedermann's model includes the 

complexes i:j , I: 1, I :2, 2:2, 3:4 . For these complexes, we have the equilibrium constant, 

KoHij· and the .6HoHij of reaction14 given in Table 2. The Brown and Ellis model includes 

the comp I exes i:j , I: I, I :2, 4:4 and 5:5. For these complexes, we have the equilibrium 

constant. KoHij· and the .6HoH.ij of reaction 15 given in Table 3. Reaction kinetics 

hctwccn lhc I: I and the 2:2 complexes or dimerization have been studied by temperature 

ju mr experiments 16. 
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2 In(OH)+2 

The forward rate constant for this reaction was found to be 4.1 ±0.4 x 10s M-1 sec·l. Thus 

this reaction is fast, occurring within a msec for the solution concentration typically used in 

forced hydrolysis. Other forward and backward reactions given in equation (4) have not 

been studied as to their reaction rates as evidence of the lack of information in the literature. 

In general, other solution speciation reactions can take place with other anions (or cations) 

8[=??] : 
Ksij 

iM+m+jB·b ~ .... MiB/(im-jb) (5) 

Ksij 
[M·B·]+Cim-jb) 

I I 

I lowcvcr, in this experimental system, there are no other ions in solution for the metal to 

l.'.omplex with but thi~ is not always the case with forced hydrolysis of other metal 

hydroxides. When ammonium ions are in solution many metals are complexed e.g. Cu. 

Solution speciation reactions with anions A-a, B-b and OH- lower the concentration of M+m 

in solution . 

.-\ cicl Dissociation 

Acids present in solution dissociate. For nitric acid the reaction is : 
K1 

flt+ N03· ~ .... HN03 (6) 

Ki= [HN03J = 10-1.44 @25°C and 10-1.1s @70°C 6HK = 3 3 Kcal/molel7 
[H+][NOf] ' I . 

\\'ater Ionization 

\\":11..:r ionization equilibrium is also necessary to describe the experimental system: 
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(7) 

Kw= [H+][QH-J =lQ-13.999@ 2s 0 c and 10-12.422@ 9o·c1s,19 

In an acidified metal salt solution [OH-) is very low. For a solution with a fixed [H+], the 

[OH-] is increased by an increase in the temperature of the solution, since the value of Kw 

increases with temperature. 

The predictions for [H+] and [OH-) for a 0.00078 M HN03 solution at various 

temperatures between 25°C and l00°C are given in Figure 2. Here we see that the [OH-) 

=Kw/[H+] increases from 10-t l M to ·10-9 M while the [H+] and [N03-J are essentially 

unchanged. Experiments performed on this solution show a pH change of only 0.05 after 

temperature compensation. This change is similar to the noise level in these experiments. 

We will take advantage of this insignificant change in [H+] and [NOf] as temperature 

changes to simplify the necessary differential equations for the mass balance, i.e. no 

balance is necessary for I-J+ or for NOf. 

Precipitation 

The precipitation of a metal hydroxide is given by the following equilibrium: 

Ksp 

M+m+mOH- ~ ..... M(OH)01(s) (8) 

Ksp = [M+m][QH-Jm 

where for Indium hydroxide Ksp is IQ-36.9 M3 at 25°C and IQ-44 M3 at 90°C (predicted 

va lue us in~ L1H5p=24,789cal/mole20). 

The supcrsaiuration ratio, S, is given by : 
[M+m][QH-]m 

S = Ksp(T) (9) 

The rate of precipitation will dictate the loss rate of OH- and In+3 ions due to the steps of 

nuckation and growth of the particles, discussed below. 
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Kinetics of Reactions and Precipitation 

Release of OH· due to ionization of H20 

Rate of precipitation is controlled by the release rate of [OH·]. We will make the 

assumption that the forward and revers~ reactions responsible for the dissociation of H20 

are very fast (µsec.) compared to the rate at which heat can be transferred to the solution 

(min.) i.e. pseudo-equilibrium at each temperature. Thus the release rate of [OH·] is 

limited by the change in temperature of the solution21: 

d[OH·] 
dt = 

d(Kw(T» 
[H+ ]0 dT _ Kw(T) (-.0.Hw) dT 
dT dt - [H+]0 R T2 dt 

g 
(10) 

assuming that the [H+]0 is fixed during the forced hydrolysis experiment. Note, Rg is the 

gas constant. As a result, the release of [OH·] is controlled by the heating rate,~~ , of the 

solution. 

The te mperature of the solution is altered by placing a test tube containing the solution into 

either a water bath or a forced convection oven. In either case, the test tube contents starts 

:.i t a constan t temperature, T 0 , often room temperature and is immersed in a fluid with a 

constant temperature, T 00, assumed to be an infinite heat reservoir. Heat is transferred to 

the solution by convection (natural or forced) through the walls of the test tube. We will 

make the assumption that the solution inside the test tube is al I the same temperature and 

that the heat transfer is given by22 : 

(l l) 

where v is the volume, p is the densi ty and cp is the heat capacity of the solution in the test 

tube. A is the surface area of the test tube exposed to the heat reservoi r and h0 is the overall 

heat transfer coefficient for both the inside and outside boundary layer, as well as, the heat 
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conduction for the glass wall of the test tube. The solution to this heat balance on the 

~olution in the test tube is given by: 

hA 
T =Too+ (T0 -T00) exp [-(-0 

-) t] 
VpCP 

(12) 

i r we use the initial condition that the solution is at a constant temperature, T 0 . Test tubes 

rilled with the same volume of solution to be used in forced hydrolysis experiments have 

been subject to heating tests. The temperature in the test tube was measured with a 

thermocouple and plotted as a function of time. A plot of (T 0 -T 00)/(T 0 -T00) was plotted as a 

function of time and an exponential curve was used as a best fit (r2=0.999). Analysis of 

the slope gives the parameter group ( hoA ) [= 0.775 min-I] which is all that is needed to 
VpCP 

determine the temperature versus time curve for any initial, T 0 , and bath, T 00 , temperature 

values. 

The temperature change is rather slow in the water bath taking more than 5 minutes to reach 

SOT. This equation gives a heating rate, ~~,for the solution in the test tube of: 

(13) 

This heating rate can be used in the equation describing the release rate of [OH-), equation 

l I 0). completing a theoretical description of the [OH-] release rate. As a result of the 

heating rate, the concentration of OH- can be calculated if losses due to nucleation and 

growth arc· accounted for as discussed below. 

I .oss of M+m due to complexation with anions in solution 

The heating rate will also release M+m ions due to the altering of the solution speciation 

equilibria of the metal with A-a af!d OH- ions as given by23: 

( 

{6HoHij +j6Hw} J 
d[M+111 ] dT " L ~ Ro T2 

d =d~ 'Li I I + l t . l . + 
i J KoHij [M+mJi[owµ [M+m] 
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dT[I \-I dt . 1 . 
I J ) (14) 

~~~~~~ + ~~-
KA i j [M+m]i[A-a}i [M+m] 

dT 
where dt is again the heating rate of the solution. This expression assumes that [A-al is not 

dependent upon temperature which is the case if it is an independent ion added with the 

metal salt used in the initial fonnulation of the solution and not complexing anything but the 

metal. This is nearly the case with our experimental example (see figure legend for Figure 

2). Other solution speciation, i.e. [MiBj] can also be evaluated in the very same way 

giving and additional term like the MiAj tenn. For the Indium hydroxide system under 

investigation the equilibrium constants and the enthalpies are given in Table l and one of 

the Tables 2 to 3. 

Loss of [OH-] and [M+m] due to Nucleation 

With precipitation, we need a mass balance on [OH-] and [M+m] since they are changing 

with the formation of a metal hydroxide. The loss of is due to two processes ; nucleation 

and growth. For nucleation, we have : 

d[OH·] = - 3 p J(S T) R*(S T)3 ( 15) 
dt Mw ' ' 

d[~;m] = -~ J(S,T) R*(S,T)3 (16) 
w 

where p is the density and Mw is the molecule weight of the solid, 

-32 Y3 (p/Mw)2 24 · · 25 26 27 J [ =J mu exp { 3 2 } ] 1s the nucleation rate , , which is a function of 
· · (Rg T) (lnS) 

. . S d T f . f . ) d R* [ 12 y p/Mw ) . h . f h · · 1 t1111c (1.e. an are unctions o time an = JRaT lnS 1st e size o t e cnt1ca 
0 

nuclcii28. assuming nucleii and crystals are cubic. y is the energy per unit area of the 

crystal in solution29. R* is also a function of time since Sand T are functions of time. 

Loss of [OH·] and [M+m] due to Crystal Growth 

The crystals grow from the time they are nucleated until time t. The loss of [OH-) and 

[\\+lllj due to crystal growth is therefore given by: 
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d[OH-J 3 p I 
dt = -Mw f J(S(t),T(t)) dt lnucleated 

d[M+nl] p I 
dt = -M f J(S(t),T(t)) dt t I t d w nuc ea e 

f R2 d d~ dt 

tnucleated 
t 

f 
tnucleated 

(17) 

( 18) 

where ~~ is the growth rate of the crystal from the ti me it is nucleated until time, t. 

dR 
Generally, the growth rate has the form cit = C f(S) R0 . Parameters in the various crystal 

growth rate models30 are given in Table 4. All growth rates are a function of the saturation 

ratio, S, which is in turn a function of time. 

Comparison of Model Calculations with Experiment 

The uti 1 ization of this model allows the prediction of the values of [In+3]. [OH-], Sand all 

of the species of the type Ini(OH-)/Cim-j) or Ini(N03-)j+(im-j), assuming that [N03-J and 

[ 1-1+] are constant. These assumptions are some cause of errors< 0.4% as discussed in the 

kgend of Figure 2, however, these assumptions drastically simplify the calculation and 

make the problem mathematically tractable. These resu It are highly dependent upon the 

growth model used for calculation and the parameters used in the growth rate theory e.g. 

the diffusion coefficient, D (lQ-5 cm/sec2) and the parameters used for the interfacial energy 

(y = 0. I J/m2)31. It should be pointed out that changes in the value of the interfacial 

energy drastically alters the model results. The reason for this is that the interfacial energy 

controls the critical free energy for surface nucleation through the value of the edge energy 

'(.:. ( = y dj32 with units {erg/cm} and thus the rate of both mono and poly-surface 

nuclcat ion. Changing the growth law alters the shape of the particle size distri bu ti on as it 

matu res with time. Model results. are given in Figure 3 for both the Biedermann, et. al. and 

the Brown and Ellis solution speciation models. 

In rigu re 3, we see the values of [Jn+3], [OH-] and S as a function of time as the solution 

is heated from 25° to 80°C. The OH- concentration increases as the temperature increases. 
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This increase slows as nucleation and growth proceed. The In+3 concentration decreases 
[In+3][QH-]3 

rnonotonically as nucleation and growth proceeds. Since S= K , we see that 
Sp 

changes in [Jn+3] and [OH-] are reflected by the changes in S. 

For the Biedermann model, S increases from""' 1 to""' 10,000 as the temperature increases 

and remains high > 1,000 for time >20 min. allowing both nucleation and growth to 

proceed for several hours at a very high supersaturation. Most of the particles are 

nucleated over a specific period of time (10 min. >tnuclcation> 5 min.) giving a distribution 

of nucleii sizes but a lower level of nucleation continues over even a longer period of time. 

The particle size distributions in Figure JD are p lotted logarithmically to give a comparison 

of the results from the two models. However, plotting this same figure linearly provides a 

distribution function which is more like a Gaussian distribution but with some skewing to 

small particle sizes (see Figure 4B). For the Brown and Ellis model, S increases from= I 

to == 1,000,000 as the temperature increases and remains high > I 00,000 for ti me >20 

rnin. allowing both nucleation and growth to proceed for several hours at a very high 

supersaturation. Separate calculations show that the critical value of S is ==1,000 thus 

nucleation will be insignificant for all values of S << 1,000 both before the peak in Sand 

long after as the supersaturation is relieved by simultaneous nucleation and growth. The 

particle size distributions that result from the two models are shown in Figure 3D. These 

results show that prolonged nucleation as in the Biedermann speciation model give rise to a 

bro;1d size distribution while shortened nucleation as in the Brown and Ellis speciation 

model gives rise to a narrow particle size distribution. Comparing the particle size 

Jistributions to those of the experiments, the Brown and Ellis model appears to give a 

better fit due to the shape of the particle size distribution. 

Previous published results33 used diffusion limited particle growth. The resulting number 

of particles per unit volume and the particle size as a function of time when compared to 

experimental values were not accurate (See Figure 4A). Essentially the number of particles 

per unit volume is too low and the particle size was to high to fit with the experimental 

data. To better tailor the model to experimental a slower growth model, e.g. poly surface 

nucleation model, is used (see Figure 4B). With the poly-surface nucleation growth law, 

the particle size distribution increases in width during subsequent growth since the growth 

law has a value of n >0, n from Table 4. The prolonged nucleation observed in Figure 3D 

albeit at a lower level will also increase the width of the particle size distribution with time. 

This increase in the width of the particle size dist ribution and the more appropriate number 

densities of particles and more appropriate particle sizes suggests that the poly-surface 
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nucleation growth law coupled with the Brown and Ellis solution speciation model gives a 

reasonably good approximation to the experimental data. It should be pointed out that 

these model calculations were performed on a personal computer34 but they took in some 

cases as long as 4 days to perform. This long computer run time is the reason that model 

calculations were not performed for comparison with long experimental durations. 

The way this model has been formulated gives the ability to predict the changes in the 

concentration of solution species as the experiment proceeds. This is shown in Figures 5 

and 6. Here we see for the Biedermann solution speciation model (Figure 5), that the 

various [OH-] complexes initially increase in concentration due to an increase in [OH-] and 

then decrease in concentration as nucleation and growth proceeds. The concentration of 

[ [n+3] and the Ini(N03)j complexes decrease monotonically. This situation is not in 

general different if the diffusion limited particle growth model is used. For the Brown and 

Ellis solution speciation model (Figure 6), we see that the various [OH-] complexes 

initially increase in concentration due to an increase in [OH-] and then decrease in 

concentration as nucleation and growth proceeds but this increase occurs over a longer time 

scale when compared to the Biedermann model, also observed in Figure 3. This 

prediction of the concentration of the various indium hydroxide complexes with time gives 

another method of model validation since some complexes are detectable with Raman 

Spee troscopy35. 

Conclusions 

The hydrolysis of acidified In(N03)J solution has been studied experimentally. The 

n.:sult is a· relatively narrow size distribution of submicron cubic In(OH)3 crystals. A 

model of forced hydrolysis has been developed. This model accounts for the varying 

concentration of ions in solution as the precipitation proceeds and predicts the precipitated 

particle size distribution. It assumes that all chemical reactions in solution are fast 

compared to the change in solution temperature. The formalism of this model is a mass 

balance on both the metal, Jn+3, and hydroxide, OH-, ions in solution which allows 

calculation of the supersaturation ratio at any time which is the driving force for 

prec ipitation. Various crystal growth laws can be incorporated into the model. 

Comparison between model and experiment shows l) that a poly-nuclear crystal growth 

law bcuer explains the experimental data than the diffusion limited growth model used and 
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2 l that the Brown and Ellis solution speciation model better explains the experimental data 

than the Biedermann, et. al. model. 
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Tables and Figures 

Table 1 Indium nitrate complexation reactions' - Equilibrium constants from R.C. 

Ferguson, P. Doubud and D.G. Tuck, J. Chem Soc. (A)l058(1968). 

KN03ij 

Reactions of the type iM+m+jNOf ...,.. .... Mi(N03)j+(im-j) 

i:j log(KN03ij) .6H 

' @25°C (Kcal/mole) 

1:1 -0.18 --
1:2 -0.3 --

?./ 15/ 96 1 
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Table 2 Indium hydroxide complexation reactions from Biedermann2 - Equilibrium 

constants at Ionic Strength= 3 Molar NaCl04. Equilibrium Constant data recalculated 

using the formula, log(KoHij) = log(KH20ij) -j log (Kw)3. Maximum n = 3. 

KoHij 

Reactions of the type iM+m+jOH- ..... ..... Mi(O H)/Cim-j) 

i:j log(KoHij) ~H 

, @25°C (Kcal/mole) 

1:1 9.58 -8.24 

1:2 19.67 -13.05 

2:2 22.78 -16.06 

3:4 46.08 1O.I8*2=20.367 

Table 3 Indium complexation reactions from Brown and EllislO - Equilibrium constants 

at 0. 1 Molar KN03 Ionic Strength. Equilibrium Constant data recalculated using the 

formula, log(KoHij) = log(KH20ij) -j log (Kw)l l. 

KoHij 

Reactions of the type iM-tm+jOH- ..... ..... Mi(OH)/(im-j) 

.. 
Iog(KoHij) ~H 1:J 

@25°C (Kcal/mole) 

1: 1 9.69 -8.212 

1: 2 18.64 -13.013 

4:4 48.66 --

5:5 19.00 --

2115196 2 
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Table 4 Crystal Growth Rate 

dR/dt = C*f(S)*R n 

Growth Mechanism c f(S) n 

Diffusion Bulk %ceq S-1 -1 

Mono Surface Nucleation PAD d-3 exp[6G* 5/ks T]§ 2 

Poly Surface Nucleation 
(Dd/3) 

(S-1 )213exp[6G* slkB T]§ 0 
(NACeq)213 

Screw Dislocation Dsnse~l(Yo2P) S2/S t tanh(S 1/S)§§ 0 

Chemical Reaction TJ~ S-1 -1 

~~Gs•= PL 2 Yc2 d21CPA ksT In S) 

Hs I =(yofys)S 

H§lnS = TfT Mir/(RT2) dT 

<:; is the molar volume, NAv is Advogadro's number, Ceq is the equilibrium concentration, 

D is the diffusion coefficient, sub-s surface, Tl is the Damkohler Number, PA is the area 
shape factor for surface nucleii, yo is the distance between steps, nsc is the equilibrium 

surface concentration,~ =1-cr/S is one minus the maximum surface supersaturation 

<li vidcd by the solution supersaturation, Ye is the edge energy of surface nucleii in units of 

energy per unit length, pis the density, d= Mwl(pNAv)l/3, Mw is the molecular weight. 

2115196 3 
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Figure I. Plot of experimental data for an experiment perfonncd with a 3.96xto-4M 
ln(N03)3 . 4.04xto-4M HN03, pHi,;,3.32, A) temperature versus time, 8) Mean size and 
Absorbance at A=390nm ( l cm cell) versus time, C) Standard Deviation of particle size 
distributions versus time D) Scanning Electron Micrographs of particles produced at 4 hrs . 
(bar= 10 µm) and E) particle size distributions at various times v90= 90 min., vl20= 120 
min .. etc ., size = µm. 
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Figure 2. Prediction of (NOf], [H+J and [OH-) as a function of temperature between 25 and 
I 00 ·c. Please note that [N03-) and [H+J do not change by more than 0.4% and 0.04%, 
respectively, in this temperature range. Furthermore, if we assume that the [H+j is constant 
the error in [OH") is less than 0.04%. This proves that N03- complexes and [H+j do not 
vary signi ftcantly with temperature. 
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Figure 3 Model results for the Forced Hydrolysis of a solution 3.96x l o-4M ln(N03)3, 
4.04x 10-4M HN03, pHi=3.320. using homogeneous nucleation and poly surface nucleation 
limited growth. A) Saturation ratio versus time, B) [In+3J versus time, C) [OH-) versus time. 
On the left are the results using the Biedem1ann, ct. al. solution speciation model and on the 
right are the results using the Brown and Ellis solution speciation model. D) Particle size 
distribution at 20 minutes for both solutions speciation models. E) Particle size distribution 
at 20 minutes (N20j,r20j) and I 00 minutes (NlOOk,rlOOk) for Biederman n's solution 
speciation model. 
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1-igurc 4. Comparison of particle size distributions produced by model with different Growth 
Laws. A) Diffusion limited Growth with Biedemrnnn's solution spcciation model. 8) Poly­
surfacc Nucleation limited G_rowth using the Brown :ind Ellis Solution speciation model 
(same plot as in Figure 30 but·plot1cd linearly) and C) Experimental Data for the Forced 
Hydrolysis at 80'C of a solution 3.96x10-4M ln(N03)3. 4.04x 10-4M HN03. pHi=3.320. 
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Figure 5. Concentration of solution species versus time of the forced hydrolysis of 
3. 96x10-4M ln(N03)3, 4.04x10-4M HN03, pHi=3.32 using homogeneous nucleation 
and polynuclar growth and Biedermann's solution speciation model. 
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Figure 6. Concentration of solutio n species versus t ime of th e forced hydrolysis of 
3.96x10-4M ln(N03)3, 4.04x10-4M HN03, pHi=3.32 using homogeneous nucleation 
and polynuclar growth and Brown and Eiiis's solution speciation model. 


